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Thedistanceenergyof agraphG is a recentlydevelopedenergy-type
invariant, deﬁned as the sum of absolute values of the eigenvalues
of the distance matrix of G. There was a vast research for the pairs
and families of non-cospectral graphs having equal distance energy,
andmost of these constructions were based on the join of graphs. A
graph is called circulant if it is Cayley graph on the circulant group,
i.e. its adjacency matrix is circulant. A graph is called integral if all
eigenvalues of its adjacency matrix are integers. Integral circulant
graphs play an important role in modeling quantum spin networks
supporting the perfect state transfer. In this paper, we characterize
the distance spectra of integral circulant graphs and prove that
these graphs have integral eigenvalues of distance matrix D. Fur-
thermore, we calculate the distance spectra and distance energy
of unitary Cayley graphs. In conclusion, we present two families
of pairs (G1, G2) of integral circulant graphs with equal distance
energy – in the ﬁrst family G1 is subgraph of G2, while in the second
family the diameter of both graphs is three.
© 2010 Elsevier Inc. All rights reserved.
1. Introduction
Let G be a simple undirected graph with n vertices. The vertices of G are labeled as 0, 1, . . . , n − 1.
The distance between the vertices i and j is the length of a shortest path between them, and is denoted
by d(i, j). The diameter ofG, denoted by diam(G), is themaximumdistance between anypair of vertices
of G.
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Let A be the adjacencymatrix of G, and λ1, λ2, . . . , λn be the eigenvalues of the graph G. The energy
of G is deﬁned as the sum of absolute values of its eigenvalues [1],
E(G) =
n∑
i=1
|λi|.
The energy is a graph parameter stemming from the Hückel molecular orbital approximation for the
total π-electron energy (for recent survey on molecular graph energy see [2,3]).
The distance matrix of a graph G is the square matrix D(G) = [d(i, j)]ni,j=1. The eigenvalues of the
distance matrix D(G), labeled as μ1 μ2  · · ·μn, are said to be the distance or D-eigenvalues of G
and to form the distance orD-spectrum of G [4]. The sum of distance eigenvalues is zero,
∑n
i=1 μi = 0.
The characteristic polynomial and the eigenvalues of the distance matrix of a graph were considered
in [5–11].
Deﬁnition 1.1. The distance energyDE(G) of a graphG is the sum of absolute values of the eigenvalues
of the distance matrix of G.
Distance energy is a useful molecular descriptor in QSPR modeling, as demonstrated by Consonni
and Todeschini [12]. To avoid trivial cases, we say that the graphs G and H of the same order are
D-equienergetic if DE(G) = DE(H), while they have distinct spectra of distance matrices.
Our motivation for this research came from various constructions of non-cospectral, equienergetic
graphs with equal number of vertices [13–16]. Indulal et al. [17] constructed pairs of D-equienergetic
graphs on n vertices for n ≡ 1 (mod 3) and for n ≡ 0 (mod 6). Ramane et al. [18] proved that if G1 and
G2 are r-regular graphs on n vertices and diam(Gi) 2 , i = 1, 2, then DE(Lk(G1)) = DE(Lk(G2)) for
k 1, where Lk(G) is the kth iterated line graph of G. In [19], the authors obtain the eigenvalues of the
distance matrix of the join of two graphs whose diameter is less than or equal to two, and construct
pairs of non-D-cospectral, D-equienergetic graphs on n vertices for all n 9. Stevanovic´ and Indulal
[20] further generalized this result and described the distance spectrum and energy of the join-based
compositions of regular graphs in terms of their adjacency spectrum. Those results are used to show
that there exist a number of families of sets of non-cospectral graphs with equal distance energy, such
that for any n ∈ N, each family contains a set with at least n graphs. All these constructions from the
literature are based on graph products and most of presented graphs have diameter two.
A graph is called circulant if it is Cayley graph on the circulant group, i.e. its adjacency matrix is
circulant. A graph is called integral if all eigenvalues of its adjacencymatrix are integers. Integral graphs
are extensively studied in the literature and therewas a vast research for speciﬁc classes of graphswith
integral spectrum [21].
Integral circulant graphs were imposed as potential candidates for modeling quantum spin net-
works with periodic dynamics. For the certain quantum spin system, the necessary condition for the
existence of perfect state transfer in qubit networks is the periodicity of the system dynamics (see
[22]). Relevant results on this topic were given in [23], where it was shown that a quantum network
topology based on the regular graph with at least four distinct eigenvalues is periodic if and only if it
is integral. Various properties of integral circulant graphs were investigated in [24–28].
Integral circulant graphs arise as a generalization of unitary Caley graphs, recently studied by Klotz
and Sander [25]. LetDbe a set of positive, proper divisors of the integern > 1. Deﬁne the graph ICGn(D)
to have vertex set Zn = {0, 1, . . . , n − 1} and edge set
E(ICGn(D)) = {{a, b} | a, b ∈ Zn, gcd(a − b, n) ∈ D}.
In this paper our intention is to move a step towards in the investigation of the graph theoretical
properties of integral circulant graphs that are important parameters of quantum networks. Namely,
we deal with the distancematrix of integral circulant graph ICGn(D) and distance spectra. The integral
circulant graph ICG10(1) is shown on Fig. 1, together with its distance matrix.
The paper is organized as follows. In Section 2, we present some preliminary results on inte-
gral circulant graphs, while in Section 3, we prove that distance matrix of ICG graphs have integral
spectra, and characterize the vertices at distance k from the starting vertex 0. Our main result is
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Fig. 1. The integral circulant graph ICG10(1) and its distance matrix.
the description of the distance spectrum of ICGn(D). In Section 4, we calculate the distance en-
ergy, the distance spectral radius and the Wiener index of unitary Cayley graphs. Note that the dis-
tance energy of ICGn(1), where n is even with odd prime divisor, is not fully resolved since the
sign of expression 2(ϕ(n) − 1) − n
2
can vary. Finally, in Section 5, we present two families of non-
cospectral distance equienergetic graphs (ICG3p(1), ICG3p(1, p)) and (ICG2pq(1, p), ICG2pq(1, q)) for
arbitrary primes p > q > 3. These constructions are not based on the graph products, and in the
ﬁrst pair we have that ICG3p(1) is subgraph of ICG3p(1, p), while in the second pair the diameter of
both graphs is three.
2. Preliminaries
Let us recall that for a positive integer n and subset S ⊆ {0, 1, 2, . . . , n − 1}, the circulant graph
G(n, S) is the graph with n vertices, labeled with integers modulo n, such that each vertex i is adjacent
to |S| other vertices {i + s (mod n) | s ∈ S}. The set S is called a symbol of G(n, S).
So [24] has characterized integral circulant graphs. Let
Gn(d) = {k | gcd(k, n) = d, 1 k < n}
be the set of all positive integers less than n having the same greatest common divisor dwith n. Let Dn
be the set of positive divisors d of n, with d n
2
.
Theorem 2.1. A circulant graph G(n, S) is integral if and only if
S = ⋃
d∈D
Gn(d)
for some set of divisors D ⊆ Dn.
It follows that the degree of ICGn(D) is equal to
∑
d∈D ϕ(n/d), where ϕ(n) denotes the Euler phi
function. Authors in [28] proved that an integral circulant graph ICGn(D) = ICGn(d1, d2, . . . , dk) is
connected if and only if gcd(d1, d2, . . . , dk) = 1.
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Let D be an arbitrary set of divisors {d1, d2, . . . , dk} of n. We establish the distance matrix Dn(D) of
integral circulant graph ICGn(D) with respect to the natural order of the vertices 0, 1, . . . , n − 1. The
entries a0, a1, . . . , an−1 of the ﬁrst row of Dn(D) generate the entries of the other rows by a cyclic shift
Dn(D) =
⎛
⎜⎜⎜⎝
a0 a1 . . . an−1
an−1 a0 . . . an−2
...
...
. . .
...
a1 a2 . . . a0
⎞
⎟⎟⎟⎠ .
For more details on circulant matrices see [29]. There is an explicit formula for the eigenvalues μr ,
0 r  n − 1, of a circulant matrix such as Dn. Deﬁne the polynomial Pn(z) by the entries of the ﬁrst
row of Dn,
Pn(z) =
n−1∑
j=0
aj · zj.
The eigenvalues of Dn are given by
μr = Pn(ωr) =
n−1∑
j=0
aj · ωrj, 0 r  n − 1. (1)
Ramanujan’s sum, usually denoted c(r, n), is a function of two positive integer variables r and n
deﬁned by the formula
c(r, n) =
n∑
a=1
gcd(a,n)=1
e
2π i
n
·ar =
n∑
a=1
gcd(a,n)=1
ωarn ,
where ωn denotes a complex primitive nth root of unity. These sums take only integral values,
c(r, n) = μ
(
n
gcd(r, n)
)
· ϕ(n)
ϕ
(
n
gcd(r,n)
) ,
whereμdenotes theMöbious function. In thenext section,wewill use thewell-knownsummation [30]
s(r, n) =
n−1∑
i=0
ωirn =
{
0 if r  n,
n if r | n.
In [25], it was proven that gcd-graphs (the same term as integral circulant graphs ICGn(D)) have
integral spectrum,
λk =
∑
d∈D
c
(
k,
n
d
)
, 0 k n − 1. (2)
3. Distance spectra of ICG
Let Np(i) be the set of vertices that are at distance p from the starting vertex i. We will prove that
Np(0) =
sp⋃
i=1
Gn
(
d
(p)
i
)
,
for some divisor set of n
D(p) =
{
d
(p)
1 , d
(p)
2 , . . . , d
(p)
sp
}
.
For p = 1, this ﬁts the deﬁnition of integral circulant graph ICGn(D) for divisor set D(1) = D. Let a
be an arbitrary vertex at the distance p from the starting vertex 0. Assume that gcd(a, n) = d. If follows
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that there exist vertices 0 ≡ v0, v1, . . . , vp−1, vp ≡ a, such that for all 0 r  p − 1, the vertices vp and
vp+1 are adjacent. In other words,
gcd(vr − vr+1, n) = dir , for r = 0, 1, . . . , p − 1, 1 ir  k.
Let b be an arbitrary vertex (different than a) such that gcd(b, n) = d. This means that there are
integers a′ and b′ relatively primewith n, such that a = a′ · d and b = b′ · d. Since gcd(a′, n) = 1, from
Bézout’s identity we have
a′ · a∗ ≡ 1 (mod n),
where a∗ is the inverse of a′ modulo n. Now, consider the following vertices 0 ≡ u0, u1, . . . , up−1, up ≡
b, deﬁned as
ur = vr · a∗b′.
For r = 0 we have u0 = 0, and for r = p we have that up = a · a∗b′ = d · (a′ · a∗) · b′ = d · b′ = b.
For r = 0, 1, . . . , p − 1 holds
gcd(ur − ur+1, n) = gcd((vr − vr+1) · a∗b′, n) = gcd(vr − vr+1, n) = dir .
This proves that the distance from 0 to the vertex b is less than or equal to k, d(0, b) d(0, a). Similarly,
we prove that d(0, a) d(0, b) and ﬁnally, we get d(0, a) = d(0, b) = k.
It is easy to see that the set of all divisors is the union of all sets D(p), p = 1, 2, . . . , diam(G). Using
the relation (1), we get the distance spectra of ICGn(D):
μr = 1 ·
s1∑
i=1
c
⎛
⎝r, n
d
(1)
i
⎞
⎠+ 2 · s2∑
i=1
c
⎛
⎝r, n
d
(2)
i
⎞
⎠+ · · · + diam(G) ·
sdiam(G)∑
i=1
c
⎛
⎝r, n
d
(diam(G))
i
⎞
⎠ .
This proves the main result of this section.
Theorem 3.1. Integral circulant graph ICGn(D), where D is an arbitrary set of divisors of n, has integral
distance spectra.
The Wiener index of G is the sum of distances between all pairs of vertices,
W(G) = ∑
a,b∈V
d(a, b).
TheWiener index is considered as one of themost used topological indices with high correlation with
many physical and chemical properties of molecular compounds (for recent results and applications
of Wiener index see [31]).
In [10], it is proven that μ0  2W(G)n , with equality if and only if all row sums are equal. Since the
distance matrix of ICGn(D) is also a circulant matrix, it follows that
W(G) = n · μ0
2
.
4. Distance energy of UCG
The unitary Cayley graph ICGn(1) ≡ Xn has the vertex set V(Xn) = Zn and the edge set
E(Xn) = {(a, b) : a, b ∈ Zn, gcd(a − b, n) = 1}.
The graph Xn is regular of degree ϕ(n). Unitary Cayley graphs are highly symmetric and have some
remarkable properties connecting graph theory and number theory. Fuchs [32] showed that the max-
imal length of an induced cycle in Xn is 2
k + 2, where k is the number of different prime divisors of n.
Klotz and Sander [25] determined the diameter, clique number, chromatic number and eigenvalues of
unitary Cayley graphs.
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In next four subsections, we will calculate the distance spectra and distance energy of Xn.
4.1. n is a prime number
In this case, Xn is a complete graph Kn with diameter 1. The spectra of Xn is {p − 1,−1,−1, . . . ,−1}
and
DE(Xn) = 2(n − 1).
4.2. n is the power of 2
If n = 2k for k > 1, then Xn is a complete bipartite graph with the vertex partition
V(Xn) = {0, 2, . . . , n − 2} ∪ {1, 3, . . . , n − 1},
andhasdiameter2. Theadjacency spectrumofXn is
{
n
2
,− n
2
, 0, 0, . . . , 0
}
, and consequently thedistance
spectrum of Xn is
{
3n
2
− 2, n
2
− 2,−2,−2, . . . ,−2
}
. Since ϕ(2k) = 2k−1, it follows that
DE(Xn) =
∣∣∣∣3n
2
− 2
∣∣∣∣+
∣∣∣∣n
2
− 2
∣∣∣∣+ 2(n − 2) = 4(n − 2).
4.3. n is odd composite number
We need the following result from [25],
Theorem 4.1. The number of common neighbors of distinct vertices a and b in the unitary Cayley graph Xn
is given by Fn(a − b), where Fn(s) is deﬁned as
Fn(s) = n
k∏
i=1
(
1 − ε(p)
p
)
, with ε(p) =
{
1 if p | s,
2 if p  s.
Since 2 does not divide n, according to Theorem 4.1 all factors in the expansion of Fn(a − b) are
greater than zero. Therefore, in this case there is a common neighbor of every pair of distinct vertices,
which implies that the diameter is 2 and
Dn(Xn) = 2(Jn − In) − An(Xn),
where Jn is the matrix of ones and In is the identity matrix. The eigenvalues of Dn are given by
μr = 2
n−1∑
i=0
ωirn − 2 − c(r, n).
Finally, using the relation (2) the spectra of Dn is
{2(n − 1) − ϕ(n),−2 − c(1, n),−2 − c(2, n), . . . ,−2 − c(n − 1, n)}.
Therefore, the distance spectral radius of Xn is 2(n − 1) − ϕ(n). We can calculate the distance
energy of Xn using similar technique as in [33]. The nullity of a graph G, denoted as η(G), is the
multiplicity of zero as the eigenvalue in adjacency spectra.
Lemma 4.2. The nullity of Xn is n − m, where m = p1p2 · · · pk is the maximal square-free divisor of n.
Consider the following sum
S =
n∑
i=1
| − c(i, n) − 2| =
n∑
i=1
|c(i, n) + 2|.
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We already know the nullity of Xn, and therefore we will sum only the non-zero eigenvalues from
the spectra of Xn. Divide the sum S in two parts: when
n
gcd(n,i)
is a square-free number with an even
number of divisors and when n
gcd(n,i)
is a square-free number with an odd number of divisors. The
number of even subsets of {p1, p2, . . . , pk} is equal to the number of odd subsets of {p1, p2, . . . , pk}.
In the ﬁrst case, we have
∑
i∈S1
⎛
⎝ ϕ(n)
ϕ
(
n
gcd(i,n)
) + 2
⎞
⎠ = ϕ(n) · 2k−1 + 2 ∑
l|m,μ(l)=1
ϕ(l). (3)
Let l be a square-free number that divides m with an even number of prime factors. The number of
solutions of the equation n
gcd(i,n)
= l is equal to ϕ(l). For all 0 i < n that satisfy n = l · gcd(i, n) we
have
ϕ(n)
ϕ
(
n
gcd(i,n)
) · ϕ(l) + 2ϕ(l) = ϕ(n) + 2ϕ(l).
After taking the summation for all l | m with μ(l) = 1 we derive the identity (3). Analogously, in the
second case we have
∑
i∈S2
⎛
⎝ ϕ(n)
ϕ
(
n
gcd(i,n)
) − 2
⎞
⎠ = ϕ(n) · 2k−1 − 2 ∑
l|m,μ(l)=−1
ϕ(l).
Since Euler function ϕ(n) is multiplicative, after adding the above sums and eigenvalue −2 we get
S= 2 · (n − m) + ϕ(n) · 2k + 2∑
l|m
μ(l)ϕ(l)
= 2n − 2m + ϕ(n) · 2k + 2
k∏
i=1
(1 − ϕ(pi)) = 2n − 2m + ϕ(n) · 2k + 2
k∏
i=1
(2 − pi).
Finally, the distance energy of Xn equals
DE(Xn)= S − |ϕ(n) + 2| + |2n − ϕ(n) − 2|
= 2
⎛
⎝2n + ϕ(n)(2k−1 − 1) − m − 2 + k∏
i=1
(2 − pi)
⎞
⎠ .
4.4. n is even with odd prime divisor
As in the previous cases there areϕ(n) ones in the ﬁrst rowofmatrixDn. The vertex 0 is not adjacent
to even vertices 2, 4, . . . , n − 2, but any two even vertices have a common neighbor by Theorem 4.1.
Since all neighbors of an odd vertex are even vertices, we conclude that the number of vertices at
distance 2 is exactly n
2
− 1. Similarly, any two vertices a and b of Xn, which are both odd have a
common neighbor. This proves that the diameter of Xn is 3 and there are exactly
n
2
− ϕ(n) vertices at
distance 3 from the starting vertex 0.
It follows that the polynomial Pn(z) equals
Pn(z) = 3
n−1∑
i=0
zi −
n
2
−1∑
i=0
z2i − 2 − 2
n∑
i=1
gcd(i,n)=1
zi.
The eigenvalues of Dn are given by
μr = 3
n−1∑
i=0
ωirn −
n
2
−1∑
i=0
ω2irn − 2 − 2 · c(r, n).
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For r = 0, the distance spectral radius is equal to
μ0 = 3n − n
2
− 2 − 2ϕ(n) = 5n
2
− 2(ϕ(n) + 1).
For r = n
2
, it follows that c(n/2, n) = −ϕ(n) and
μn/2 = 0 − n
2
− 2 − 2 · c
(
n
2
, n
)
= 2(ϕ(n) − 1) − n
2
.
For r /= 0 and r /= n
2
, the value of the sum
n
2
−1∑
i=0
ω2irn =
ωnrn − 1
ω2rn − 1
is zero. Finally, the spectra of Dn consists of
5n
2
− 2(ϕ(n) + 1), 2(ϕ(n) − 1) − n
2
and−2 − 2 · c(1, n),
−2 − 2 · c(2, n), . . . ,−2 − 2 · c(n/2 − 1, n),−2 − 2 · c(n/2 + 1, n), . . . ,−2 − 2 · c(n − 1, n).
The sum S′ = ∑n−1i=0 |c(i, n) + 1| can be computed analogously, and since the smallest prime of n
is p1 = 2 we have
S′ = n − m + ϕ(n) · 2k +
k∏
i=1
(2 − pi) = n − m + ϕ(n) · 2k.
The distance energy of Xn is equal to
DE(Xn)= 2S′ − |2 + 2 · c(0, n)| − |2 + 2 · c(n/2, n)| +
∣∣∣∣5n
2
− 2(ϕ(n) + 1)
∣∣∣∣
+
∣∣∣∣2(ϕ(n) − 1) − n
2
∣∣∣∣
= 2n − 2m + ϕ(n) · 2k+1 − (2 + 2ϕ(n)) − (2ϕ(n) − 2) +
(
5n
2
− 2(ϕ(n) + 1)
)
+
∣∣∣∣2(ϕ(n) − 1) − n
2
∣∣∣∣ .
The value of
∣∣∣2(ϕ(n) − 1) − n
2
∣∣∣ cannot be resolved, since it takes both positive, zero and negative
values (consider for example n = 6, n = 10 and n = 12). By using the representation n = 2k · mwith
m being odd, it follows ϕ(n) = ϕ(2k)ϕ(m) = 2k−1ϕ(m). Therefore, the equation 2(ϕ(n) − 1) = n
2
is
equivalent with
2ϕ(n) = n + 1. (4)
Eq. (4) is related to the still open conjecture of Lehmer [34], and some obvious solutions involve prime
Fermat numbers, n = Fk − 2 = 22k − 1 for k = 0, 1, 2, 3, 4, 5.
5. Distance equienergetic graphs
Let n = pq, for odd prime numbers p and q. According to Section 4.3, the distance energy of ICGn(1)
equals
DE(ICGn(1))= 3pq + 2(p − 1)(q − 1) − n + 2(2 − p)(2 − q)
= 6(p − 1)(q − 1).
Consider the graph ICGn(1, p) – its diameter is two, and only the vertices satisfying gcd(a − b, n) =
q are at distance 2. Using the formula (2) we get the distance eigenvalues of ICGn(1, p),
μr = c(r, pq) + c(r, q) + 2 · c(r, p).
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Based on the greatest common divisor of r and pq, it follows that
μr =
⎧⎪⎪⎨
⎪⎪⎩
1 − 1 + 2 · (−1) if p  r and q  r,
−ϕ(p) − 1 + 2 · ϕ(p) if p | r and q  r,
−ϕ(q) + ϕ(q) + 2 · (−1) if p  r and q | r,
ϕ(pq) + ϕ(q) + 2 · ϕ(p) if p | r and q | r.
Finally, the spectra of ICGn(1, p) consists of−2withmultiplicity pq − q, p − 2withmultiplicity q − 1,
and pq + p − 2 with multiplicity 1. Therefore, the distance energy equals
DE(ICGn(1, p))= q(p − 1) · 2 + (q − 1) · (p − 2) + 1 · (pq + p − 2)
= 4q(p − 1).
Only for q = 3 and n = 3p, we have the identityDE(ICGn(1)) = DE(ICGn(1, p)), which represents a
familyofdistanceequienergetic integral circulantgraphs.Note that ICG3p(1) is a subgraphof ICG3p(1, p)
for all primes p > 3.
Let now n = 2pq, where p and q are different odd prime numbers. We will prove that graphs
ICGn(1, p) and ICGn(1, q) have equal distance energy,
DE(ICGn(1, p)) = DE(ICGn(1, q)) = 4(3pq − p − q − 1).
According to Section 4.4, the distance eigenvalues of bipartite ICGn(1, p) are given by
μr = c(r, 2pq) + c(r, 2q) + 2c(r, pq) + 2c(r, p) + 2c(r, q) + 3c(r, 2p) + 3c(r, 2).
Based on the greatest common divisor of r and 2pq, it follows that
μr =
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
−1 + 1 + 2 − 2 − 2 + 3 − 3 if 2  r and p  r and q  r,
1 − 1 + 2 − 2 − 2 − 3 + 3 if 2 | r and p  r and q  r,
(p − 1) + 1 − 2(p − 1) + 2(p − 1) − 2 − 3(p − 1) − 3 if 2  r and p | r and q  r,
−(p − 1) − 1 − 2(p − 1) + 2(p − 1) − 2 + 3(p − 1) + 3 if 2 | r and p | r and q  r
(q − 1) − (q − 1) − 2(q − 1) − 2 + 2(q − 1) + 3 − 3 if 2  r and p  r and q | r,
−(q − 1) + (q − 1) − 2(q − 1) − 2 + 2(q − 1) − 3 + 3 if 2 | r and p  r and q | r,
pq − 2p − 2 if 2  r and p | r and q | r,
3pq + 2p − 2 if 2 | r and p | r and q|r,
μr =
⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩
3pq + 2p − 2 for r = 0,
pq − 2p − 2 for r = pq,
−2p − 2 for gcd(r, 2q) = 1,
2p − 2 for gcd(r, q) = 1,
−2 otherwise.
Since the multiplicity of distance eigenvalues 2p − 2 and −2p − 2 is q − 1, we ﬁnally get
DE(ICGn(1, p))= (3pq + 2p − 2) + (pq − 2p − 2) + (q − 1)(2p + 2)
+(q − 1)(2p − 2) + 2(pq − 2q)
= 12pq − 4p − 4q − 4,
which is a symmetric expression involving p and q. Note that the diameter of graphs ICG2pq(1, p) and
ICG2pq(1, q) is equal to three.
These constructions of inﬁnite families of distance equienergetic graphs are the ﬁrst ones derived
not using the product of graphs nor iterated line graphs. It would be of great interest to calculate the
distance energyof other classes of integral circulant graphs, andexplorenew families of non-cospectral
distance equienergetic integral graphs.
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